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P1NElKACh

The inherent ineffectivenL ss of tacti,-al dive bonibirg in Southeast

Asia kSEA) against mobile targets on the North Vietnamese rcsupF.ý routc

(H-1o Chi Minh Trail) ied the U.S. Air Force to develop and employ the

AC- 130 gunship. A leading engineer in the dt.velopment, test, evaluation,

deployment and modification phases of the AC-130 %kas Dr. Richard E.

Willes, now President of Research, Analysis, Develop:ni-,c, Inc. , of

ColoradL Springs, Colorado. While n SEA. Dr. Willes solved the problem

of determining the nominal nirxng orbit for a gunship operating in a constant

wind and conceived the idea for an implicit fire control system, one ;n

which the fire control problemn is solved irnplicitly by n'..tching the bai!:szic

drop of the projectiles to tie change in pylon elelation o- tl-e wing, thus

avoiding the expense and complexity of sophisticated avionics.

Since August, 1Q72. the project has been sponsored by the Department of

Aeronautics, US Air Force Acade:v., u:.der the superisicn cf Lt Col Torn-

J. Forster. The study \vas coinpleted in July, 1973. Maior contributors to

its progress are Major Duane M. Davis and Cadets Glen Strain, Robert

Fraser, jo::. ,
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I1. OF SYMBDLS

Symbol Definition

A Reference area for ballistic drag force

a Centripetal acceleration vector

CD Eallistic drag coefficient

f Truc anomaly

Gravitational acceleratioti vector

I1 Angular nioimmntuni per unit mass

11, Altitude above nmean sea level

L Lift force

m Mass

P Semilatus rectum-

PI Ballistic aerody,,am ic penetration distance

r Position vector

rb Baiiibi-I diop b

r Radius of curvature
C

r h Vector position in the horizontal plane

r Absolute altitude of orbit above target

r ' Distance of pylon point below plane of orbit

"V Vector velocity

V Vector true airspeed

V .Muzzle velocity

V Wind vector
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Sytnibl Definition

Inverse atnuoqpheric sLale height

6 Angle of line of sight depression

C Elliptical eccentricity

V iBallistic flight path a vI1e

P Air density

Bank angle
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5eoctluji I

GU N'811"i TI" Ni; IFIRING MIT IN '1I1. PlRFSI(NC(" OF WINI)

hi t tiductiolll

A I4unsbl'p flie. a closed orbit around a target in the presence of wind

as shown in Figure 1-3. The line of Bight (WOS), pylon point, gunti line,,and

associated angles are depicted in Figure 1-2. The aircraft altitude and

true airspeed are held constantand the wing to pointed at the pylon point.

The first step in the analysis oi the gunship orbit is to describe the

orbit analytically. ''10 s ( escription was niade by Willes and Fraser.

K inenmatics of thit Firing Orbit

The aircraft velocity with respect to the target is depicted in Figure

(1.2. 1) V = V.L4 Vw

whiere

v constant Va

V constant

The position vector is expressed as

(1. 2.2) r 4 r 4-" " -- V _h

whe re

r constant.
V

As the gunship fire- to the side (wing points at the pylon point),

(1.2. 3) rh . V = 0a

Willes, R. F. and C. C. Fraser. &GUnnihip Fire Control in the
PXeaenceý of Wind, Research Tech Note, Department of A( ronautics,U•SAI- Academy, 1,;O, 19-1Z.
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and

(1.2.4) J- (r. V r V 4 rh 0

where

a

iq the acreleration l.rovided by tOe wing '.,ft in the turn so that rh and a are

opposed (ace Figure 1 -2). "Vnen it must fojlow that

(1.2.5) r x V 0.d,

The angular mnomeot.,m per unit mass of the horizontal orbit is given

by

(l.2.b) II - r, xV

which I v equation (Z. 1 1) becoles

1, 71 II = r. x (V 4 V )
- 1 a w

In scalar form. equation (1. 2. 7) gives

(1.2.8) 11 = r1 V sin 1T/2 i rh V sin /3

where f is the angle from rh to Vw.

The above expression is rearranged to give

11 V
(1.2.9) -v r(1 v sinr)

a a

which is the equation of an ellipse wit!' eccentricity,

V
(1..10) C ="

a

8



p rovided Ii can Le lhuwni to bn"e vnstailt and fi ii tVie cmil1pleillent of the

true atimnaly.

F roii (1. Z. 7)
0

I] 1. 11hx V 4 " x V 4rx V 4r x V

but

r V

and fruin equation (i . 2. 2)

*r r 1  rZ V.

1 lence

1 V = rx V
- - II a

r x a = 0

as a resul t o equation (1. 2. 5). IThus. Ilis constai t, and equation (1.2. 9)

w------------------------------.x..vgst,., in teiii!for-n.
192 CL& ±I .: L, A*~S ~

rp(1.2. 11) r -
4 ( Cos f

where 1) is the semilatus rectum. ( is the eccentricity, and f is the true

anomaly measured from the perigee positio . From equation (1. 2. 9)

il/V
a

r -

* 4 *vŽ sin~
a

It is evident that

13 = l/V
a

V
w

a = •-9

- - -a i,



and sin f = cos f. This last correspondence requires that the wind vector

be positioned perpendicular to the major axis of the ellipse so that # and f

are complementary. See Figure 1-3 for the elliptical firing orbit in thie

presence of a constant wind.

Summary of Orbit Aaalysis

It has been shown that for an aircraft flying at constant altitude and

true airspeed in a constant wind environment,tthe firing orbit is an ellipse

with the target located at a focal point:

p

(1.3.1) rh 1 + E cosef

where P = H/V

- = IrhxZi
wa

V; = w / V a

and V is in the direction of the minor axis.

10



Section 2

VARIATION OF PYLON ALTITUDE

Introduction

The basis o" an implicit gunship fire control schieme is first a repeat-

able closed orbit (determined in Section 1), second a variation in the pylon

altitude as the aircraft moves around tCe orbit, and third the matching of

the ballistic drop to the change in pylon altitude.

The work in this section was performed by Willes and Fraser in 1972.

Variation of Pylon Altitude

For constant altitude it is required that

L cos 0 = mg

in the horizontal direction

L S•in 0) = __ .a

thus

(2.2.1) a = g tan 0 = Va

Pointing the wing at the pylon point over the target requires

(2.2.2) d-(d (rt h Va) = 0

which results in

r ha V 2 (1 + coS f)

but

V = a = g tan 0a

so that

1 Willes, R. E. and C. D. Fraser. A Gunship Fire Control in the

Prerence of Wind. Research Tech Note, Department of Aeronautics,

USAF Academy, CO, 1972. 11



V 2 (1 + cosf)
(2.2. 3) tan 0 a

and the pylon altitude is given by

V a

(2.2.4) r' rh tan 0 (1 + E cos f)v hg

which is seen to vary with the true anornaly according to

dr -v 2
(22.5) v a sin f.

-f a(2.2.5) = g

This is the rate of change of pylon altitude that will eventually specify the

choice of gun for the system.

12



Sectic-o 3

STABILITY OF THE FIRING ORBIT

Introduction

An orbit is considered stable if when the aircraft is pert-,rbcd off orbit

the act of rcpositioning the line of sight on ta:get will bring the gunship

back into the nominal elliptical orbit. In short, if off orbit by an amount

Arh with LOS off target as shown in Figure 3. 1, and then the LOS is

repositioned on target, /_* the change in radius of curvature is less than

& Arh, the aircraft will rejoin the nominal orbit at a later time. Thus the

criterion for stability ib

dr
(3.1.1) - < 1

drh

Critei ion for Orbit Stability

The radius of curvature for an ellipse is given by

(3.2. 1) r p 1 + 2 ( cos f + .3

The bank angle is given by equation (2. 2. 3)

Va
tan 0 = a (1 + E cos f)

g rh

which is used with (3. Z. 1) to obtain the change in radius of curvature

caused by a change in the angle of bank:

dr V •a 2 ] +2CCos f 1 ()3/2(3.2.2) _c a 1+2cft
d• g sin2  1 + cos f

From Figure 1. 2 it is seen that

(3.2.Za) rh = rv cot(¢+ 6 ).

13



Thus

drh r(3.2. 3) • - i +-6"

Combine equations (3. 2. 2) and (3. 2. 3) with (2. 2. -%) and trigono-netric

identities to obtain

dr c 3 /2(3c2. (1 + 2 ocos f + s-n 20 +__(3.2.4) G (+ +Ccos f)01 siU 2

The criterion for firing orbit stability becomes

sin 2 (0+ 6) < (I + 2 E cos f + sin 2 0
(I + cos f),7

which constrains the choice of LOS depression angle, 0j, to

(3.2. 5) 6 > t sin- [ (1 + f cos f) 5_ tin (I - 2 )] -0
(1 + 4 cos f + (2)

Note that for zero wind the orbit is circular and

6 > ff/2 -20

Discussion of Orbit Characteristics

In Section I it was shown that the firing orbit is characterized by

constant angular momentum so that the velocity distribution around the

orbit is Keplerian. This fact means that the angle of bank must be greatest

at perigee where the radius of curvabtre is least, and it must be least at

apogee where radius of curvature is largest.

Gunship pilot experience indicates that angles of bank in excess of

25 or 30 are not suitable for firing, so that 0m - 25 is an appropriate

choice for exploring typical stable orbits. Figures 3.Z through 3-6 depict

14



the two classes of stable orbits that result from equations (3.2. 5), (3.2. Za).

(2. 2. 3) for typical eccentricities. An altitude/airspeed combination chosen

so that it does not fall on one of the stable orbits results in instability. In

this case the act of repositioning the L03 on target when perturbed will

result in driving the gunship further out of orbit.

1

15- "



Section 4

BALLISTIC SOLUTION

introduction

The change in ballistic drop must be matched to the change in pylon

altitude to make the fire control system implicii. First it is necessary to

obtain an analytical solution for the ballistic trajectory. R. E. Willes outlined

this work, which Major Duane Davis and I performed in 1972. Finally, I

completely zeworked it as a final check on accuracy.

The Ballistic Equations and Solution

The first order ballistic equations in dimensional form (the prime

denotes a dimensional quantity) are

tt
C DAv V1ia

a

where the air density is approximated by

(4.2. 2) P ' = o 10 e- oil

I -atmospheric scale height

h' altitude above nmean sea level

D'o - sea level density.

Equations (4. 2. 1) are solved xising the method of asymptotic expansions.

The full solution procedure is quite lengthy, but straightforward. The

steps are outlined below-

16



1. Write the eqvati'ns in nor:,-:-•noicna.. "rm,

2. Transform from time to range as the independent va. iable.

3. Introduce se-ies expansicns ecco-:-g to

r ' + Z +. r Z . +
J J -I i j " li

v V + L E. V .(E) 4 C.. +-- j ] -Ji j - j +

(4.2. 3)

t t(0) + + t(1)t..(2) + +
j .1.1 j lj

S - dt_ = vI..•
drt

where the Ci are given byrt = f P P aerodynamic penetra-ion d:. .. nce

Vwo

S= v .... reference wind/initial projectile velocity

CDhI C 1 )

(4.2.4) 3 -) -----) fractional chan, in - :ag
= CDo coifficient with altitude

CDV - D ) fractional charlge in drag

Do coefficient with velocity

CDO A A
(5= 0 - ratio of gravita:ional accelerationto aerorynamic decele ration.

4. Sub stitute the expansions (4. 2. 3) into the non-ýimensiori&.. equations.

r=V

S _ CDe-hV V +
a.

17



and collect terms in powers of the ci. A hlerarchy oi differtential of equations

are generated as shown below-

(4.2.5) [1)

IEV( ) = - ( ) . (o)) *, (, o) V IMO

L -

V1'0 Vi o)-2

_ = ~V120) V(o)1  ~)V' iO

(4.., I ()V (

first .()=VZ-V(O V 15 VI,'
order

- (V(O) .V(O)) (V(o).V') v(O) v,(0)-1 + (V(0). V(O))

(( - [(r(). v(O)) *v(0.) v,(0) 1 (V(O) 0) + V(O). Yv w

i() -(20() 0 (1)) V(O)V.(OD)- + (V(O). VI(o)~

Evss ~) - v~~islvaaj +? 6

18



Solve the zeroth order eluations for the specified initial conditions.

The rusults are

t(o) to -V - l[e 0  Vio rI - r -io

r1  = independent variable - ri

(O)

(4.2.7) ra = r3o + V3 C Vi< 1 (r, - r 1 o)

.V 0 (°) VIO 0' (ri. riu)V,(° = VZo C

V21 = V~ o e-v°0 VIo- (ri - rio)

( =) V ju _1  ( r , - r w )

and

1 0rto / 0

rao 0

r 3 0  0

(4. 2.8)
V'

V10 - - sinfcos y
0

VI

r Vao

V2 Q WV sin fsi

V3o - V cos f
0

19



Refer to Figure 4-1 for the coordinate system.

Solve the first order equations, using the zeroth order solution as

necessary. The method used for this solution is the transitional niatrix

method, (2) which is just a method of characteristics fornialized for

systems with large numbers of state variables. Jn short, if a vector state

is described by

_; = f (x2) + k

where k is the forcing fun.:tion and the initiai state x(o) is known, then the

solution is

*r

x(r) = (r, r1 r) x(rlo) + J' (r 1 , r) k (T) d T
rio

where d (ri. rio) = f (r1 ) J(r. ro)

and ý (rio, rw) - I ---- the identity matrix

The first order baili3tiC terms (nondirnensional) are:

tI()= h [I -I• (e-r1 4 er.) j sin Y [I - (r-,- + ) eri.*eri]

ta( = 2 V (r + I - eri)

(4 .9) - si LI -11 rI + ') e-r e r ".,

t(1 e- e-r) - (e- er-rn)

t15 = gi Ler (1 - rz) - J]

2 G



(1) 0 V, 1 0 -r

r2 2 0 ( 2 -1 Vr (1) v I (I s . e-r

r 23 
V, 3

(1) =0 V(1) = -ri (re-14 •n)r Z4 0V14 C= e (rL 4e - r

(1) g1) = rV g. ,erL- erI)

r~s = g•(er -rl -1),,
rs (1) -- 0V 1 1(1 = 0

a t r V 3 =0 V 2

ra(1) = l Vw, rja Va(1) = Vw (1 - -r 1 \,

r 3 3 0 xrB(1) ga(erL- e-re )

()V(1) -v(1) _- v3 (1) o

r (1) 3 - 0 V_ = a34

r 3 B g 3 (er r - 1) Val = 3 (1 - e

g • -rC
1 )•

(C r

Substitute (4. 2. 7) with initial conditions (4. 2. 8) and the first order

terms (4. 2. 9) into the basic series eypansions, cquation (4. 2. 3). to obtain

the ballistic solution to first order in Ci:

(o ri- 1

t = t(°0) 4 I oil - (e1 r 4 e r ) + sin) [1 r (I r1  +•) e rI e r I

C,(2Vw )(r + 1 -e)-3 siny[1 Y (L r+I)er1.er1] 4

(4 [•(1 - er,) - 1 (er, - e2r 1 ) ] + 5 gl Ler (1 - rI ) - 1]

2 1 .-



r• 9 Vw rL 2 4 (5 g. (er r - -1) 4 r.(0)

rs--La. w x og (cr - r•- 1) 4 r3 (°

-r (0r3 j-Vw r~l 4 (a ga (o)rX-1)4r
3

V, EI ei er (h° r 4 4 r• sin),) 4 C2 2VwX (1 - e-rx )

" (3 (6) r sin e-r (r 4 -r, (rI -1 4 e-r ) 4 VI(0)

Va = Vw (1 - er,) + Es l (er_ V. e())

V3 = ca V w (I-er + to .9 (e r, _ -r,) + V3 (°).

Adequacy of the First Order Solution

To verify that the above first order approximation to the ballistic

equations i. suffLient for the task at hand, a complete nurnerical solution

oi the ballistic equations was made on a digital computex and the two solu-

tions were compared for flight times typical of gunship ballistic trajectories.

The results were very favorable, with the approximate solution providing

ninety-five percent accuracy or better in typical wind environments.

The verification of the accuracy of the first orde3- solution was the

work of Cadet Glen C. Strain as advibed by Major Duane Davis.

Ir
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Section 5

13AI-IIS'IC MATCII1NG

Int roduct ion

In March 1973 1 outlined the procedure for balliutic matching for a

student project which I am, pre-sently supervising. It is a tedious tasit, and

it is irogressing slowly. The basic procedure is outlined below. Curr-'nt

status of the investigation is also discussed.

S( henw for Matching

Refer to Figure 4. 1. It is apparent that the ballistic drop at the firing

point i8

(5. 2. 1) rb = Ca Cos

while from Section 2, equation (Z. 2. 4) gives the pylon altitude as

V aa
(5.2.2) rv' a (1 + E cos f)v 9

It is desired to match the change in r to the change in r I as the gunship

flies the elliptical orbit, i. e. as the true anomaly changes. Hence, the

niatching criterion is

dry' drb
(5.2.3) v - bt-

Recall that as the bank angle decreases from perigee to apogee, the

value of r v decreases, and because of the increased slant range the ballistic
V

drop must increase. This fact accounts for the minus sign.

drl) dr v
The task at hand is to calculate the dcrivatives - and

Th%. dimensional solution for rb is

23



V 2 sin f sin Ycos -y (e rl/P' ri rb
(5.?.4) WP' r 1

2 + ( 7 -) g cosv (e - •-1)

in m

where P' is the aerodynamic penetration and

rl = r + rv ]2 cos (6-v) - r co (6-)

(Refer to Figure4-1).

As the true anomaly varies, the baalistic drop changes according to

drb
(5.2.5) T = Kd[r2 (cos f sin)'cosy+K2 sin 2 f(co 7 y sin2 Y) +

2 rh (
h c s in2 f cosy]- +1 + E co 6f

r T T + C Cos f)

whe re

Vaw cos, (6-K1  • - 2P'
m

-2V 1

K 2  g p E coo 2 0 (F is the semilatus rectum)

K3 V gcosycos (6-X.
m

It was developed in Section 2 that the pylon altitude changes along the

orbit according to

drv, Va2v - a~
(5.2.6) df g

so that the task of matching ballistic trajectory characteristics to aircraft

24



orbit is simply that of substituting equations (5. 2. 5) and (5. Z. 6) into

(5.2. 3). Essentially this substituting places a constraint on the gun muzzle

velocity, which is
cosa (6 -X rr

(5.2.7) V 2  L 'E COS' r [cotf sin ycosy+aK 2 sinfm 2P'I

2 r f sin f cos y
(cOs2y - sin' y} + 1 + COBf *] +

P' g& 2 cos (6 - X) y 1rh c sin f- (e r Cos (6 X)IP1V '2 COS7 [r- _ts 1) Je c~ 6x ).

a r~ 4 CCOSf)a

It is observed that r, Y, K2 and rh are all functions of the true

anomaly, so that

V = v {f).
m m

Thus the matching requirement is fo: a variable muzzle velocity, which

is impractical.

Current Status of Project

It is most likely that the muzzle velocity is a weak function of the true

anomaly, and that a mean value can be chosen (for f = ff/2) which will give

acceptable firing accuracies at the orbit extremes, perigee, and apogee.

The current investigation selects typical stable firing orbit parameters

(altitude, true airspeed, wind velocities,and max bank angle) and calculates

the corresponding muzzle velocity for several points in the firing orbit.

This procedure will identify on-the-shelf weapons that are useable for

designated stable orbits and will establish the allowable positions in orbit

for firing with a specified accuracy. In short, it will establish the feasibility

or infeasibility of the proposed syst-nm.
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